Characterization of certain families of modular multiplicative divisor graphs  by Revathi, R. & Ganesh, S.
JA
v
m
G
r
©
t
K
1
n
t
l
s
(
o
d
f
s
P
h
1
CARTICLE IN PRESS+ModelTUSCI-250; No. of Pages 4
Journal of Taibah University for Science xxx (2016) xxx–xxx
Available  online  at  www.sciencedirect.com
ScienceDirect
Characterization of certain families of modular multiplicative
divisor graphs
R. Revathi ∗, S. Ganesh
Department of Mathematics, Sathyabama University, Chennai 600119, India
Received 17 March 2015; received in revised form 3 July 2015; accepted 18 September 2015
bstract
A modular multiplicative divisor (MMD) labelling of a graph G  with p  vertices and q  edges is a bijection f  from the set of all
ertices to the set of positive integers {1, 2, .  .  ., p}  such that the sum of all edge labels f*(uv) = f(u)f(v)(modp); uv  ∈  E(G) is a
ultiple of p. In this paper, we characterize certain classes of MMD graphs. This result is a solution to the open problem posed by
. Sethuraman in AKCE International Journal of Graphs and Combinatorics, No. 1 (2009) 229–236. In addition, we discuss the
ole of MMD labelling in obtaining cyclic decompositions of certain families of graphs into specific graphs.
 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
positioeywords: Graph labelling; Arbitrary supersubdivision; Cyclic decom
.  Introduction
In this paper, we consider only finite, simple, con-
ected and undirected graphs. In all graph theory
erminology and notation, we follow Harary [1]. By a
abelling, we mean a one-to-one mapping that carries a
et of graph elements onto a set of numbers called labels
usually the set of integers). A current survey of vari-
us graph labelling problems can be found in Gallian’s
ynamic survey [2]. A modular multiplicative divisorPlease cite this article in press as: R. Revathi, S. Ganesh. Characte
graphs, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtus
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(MMD) labelling of a graph G  with p vertices and q
edges is a bijection f from the set of all vertices to the set
of positive integers {1,2, .  .  ., p}  such that sum of all edge
labels f*(uv) = f(u)f(v)(modp); uv  ∈  E(G) is a multiple of
p. We [3,4] have provided new results concerning MMD
graphs and [5] studied the structural properties of MMD
graphs. In this paper, we characterize certain families of
MMD graphs. This result in Section 2 is a solution to the
following open problem posed by Sethuraman [6]:
Problem: What are the other labellings that the graphs
in SS  (G) would admit for a given connected graph G?
In Section 3, we discuss the connection between
MMD labelling and graph decomposition.
Finally, we discuss a related open problem.
2.  Characterization  of  certain  families  of  MMDrization of certain families of modular multiplicative divisor
ci.2015.09.004
behalf of Taibah University. This is an open access article under the
graphs
Sethuraman and Selvaraju [7] have introduced a new
method of constructing a graph called supersubdivision
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and proven that an arbitrary supersubdivision of any path
is graceful. They conjectured [8] that “The one vertex
union of the complete bipartite graphs K2,mi , 1 ≤  i ≤  n
is graceful for all possible choices of mi′s′′. This con-
jecture was settled by Kathiresan and Amutha [9]. In all
the above, they consider arbitrary supersubdivisions of
certain families of graphs.
In this section, we characterize certain families of
MMD graphs. This result states that an arbitrary even
supersubdivision of any connected graph admits an
MMD labelling. This provides the solution to the above
open problem.
Deﬁnition  2.1.  Let G(p, q) be a graph. If V1 and V2
are two partitions corresponding to a complete bipar-
tite graph Km,n then V1 is called the m-vertices part and
V2 is called the n-vertices part of Km,n. A graph H  is
called a supersubdivision  of G  if H is obtained from G
by replacing every edge ei of G  by a complete bipar-
tite graph K2,mi for some mi, where 1 ≤  i ≤  q, in such a
way that the ends of each ei are merged with the two
vertices of the 2-vertices part of K2,mi after edge ei
has been removed from graph G.  The set of all such
supersubdivision graphs of G  is denoted by SS(G).
A supersubdivision H  of G  is said to be an arbitrary
supersubdivision  of G  if every edge of G is replaced by
an arbitrary K2,m (m  may be arbitrarily different for each
edge).
Deﬁnition 2.2.  Let u  and v be two (end) vertices. Con-
nect u  and v by means of m  internally disjoint paths of
length two, where m  is a positive integer. The resulting
graph is denoted by P2,m.
Theorem 2.3.  Let G(p, q) be the union of
edge disjoint subgraphs Gi =  P2,mi ,  1 ≤  i ≤  r, where
0 < m1 ≤  m2 ≤  . . .  ≤  mr. Let si =  {(ui,  vi),  1 ≤  i  ≤  r}  be
the end vertices of P2,mi such that si ∩  sj = φ  for i  /=  j.
Then, G  is a modular multiplicative divisor graph.
Proof. Let G(p, q) be the union of edge disjoint sub-
graphs G1, G2, .  . ., Gr and the edge set of Gi be the edge
set of P2,mi ,  1 ≤  i ≤  r, 0  < m1 ≤  m2 ≤  . .  . ≤  mr. Let si =
{(ui, vi),  1 ≤ i ≤  r} be the end vertices of P2,mi such that
d(ui, vi) = 2, and for i /=  j, si ∩  sj = φ, E(Gi) ∩  E(Gj) = φ.
Let mi be max  {m1, m2, .  .  ., mr} for some i.  If all the mid-Please cite this article in press as: R. Revathi, S. Ganesh. Characte
graphs, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtus
dle vertices of Gi are the middle vertices of Gj for i /=  j,
then |V(Gi) ∩  V(Gj)| = mi; otherwise, the absolute value is
less than mi. Therefore, |V(Gi) ∩  V(Gj)| ≤  max  {m1, m2,
. . ., mr}.Fig. 1. G1 ∪ G2.
Let f be a bijection from the set of vertices to the set
of positive integers {1, 2, .  . ., p}.
Case  (i): p  is odd.
Let G(p,  q) = ⋃ri=1Gi,  r  ≤ p−12 be a graph. f(V(G))
has (p  −  1)/2 distinct ordered pairs wi = (xi, yi),
where 1 ≤  i ≤  (p  −  1)/2 such that xi +yi = p. Let S  =⋃r
i=1si,  and W  =
⋃(p−1)/2
i=1 wi.
Subcase (a): r  = (p  −  1)/2, n(S) = n(W). In this case,
exactly one subgraph contains two middle vertices, and
each of the other subgraphs contains one middle vertex.
Assign labels wi to si, where 1 ≤  i  ≤  r.
For some i, the sum of the edge labels of
Gi =  f ∗(uia) + f ∗(via)
(a is the middle vertex of the pathui −  vi)
= f  (a)[f  (ui) +  f (vi)](mod p)
= f  (a)[xi +  yi](mod p)
= f  (a)p(mod p)
≡  0(mod p)
(1)
Eq. (1) depends on end vertices (ui, vi) and si ∩  sj = φ
for i  /=  j; therefore, the sum of the edge labels of Gi is
congruent to 0 (mod  p) for all i. Therefore, p divides the
sum of all the edge labels of G.
Subcase (b): r < (p  −  1)/2, n(S) < n(W). Assign labels
wi to si, where 1 ≤  i ≤  r. Assign the remaining labels to
the remaining middle vertices of si. The theorem follows
from (1) because that the sum of the edge labels of Gi
depends on the end vertices for all i.
For illustration, the case when m1 = 3 and m2 = 4 is
shown in Fig. 1.
Case  (ii): p  is even. In this case, r ≤  p/2.
f(V(G)) has (p/2) −  1 distinct ordered pairs wi = (xi,
yi), where 1 ≤  i ≤  (p/2) −  1, such that xi + yi = p. Let W  =⋃(p/2)−1
i=1 wi.
When r  = p/2, |V(Gi)|  = 3 and |E(Gi)|  = 2 for all i.
Assign labels wi to the end vertices of r  −  1 subgraphs.
Label the middle vertex of Gr 2 (which is the weight of
one of the end vertices of Gr−1) and label the end ver-
tices to be p/2 and p. Therefore, sum of the edge labelsrization of certain families of modular multiplicative divisor
ci.2015.09.004
of Gr is 2 ×  (p/2) + 2p  ≡  0(modp). In addition, if the sum
of edge labels of Gi for 1 ≤  i  ≤  r −  1 depends on the end
vertices, then G  is an MMD graph.
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lFig. 2. G1 ∪ G2 ∪ G3.
In Fig. 2, we provide an MMD graph for p  = 6 and
 = 3.
The argument is as same as subcase (b) of case (i) for
 < (p/2).
Thus, the proof is complete.
emark  2.4.  Suppose the supersubdivision H  of
(p, q) is obtained by replacing every edge ei
f G by a complete bipartite graph K2,mi for
ome mi ≡  0(mod2), where 1 ≤  i ≤  q. Then, |E(H)|  =∑q
i=1mi and |V  (H)|  =
∑q
i=1mi +  |V  (G)|. Each K2,mi
an be decomposed into mi/2 edge disjoint sub-
raphs Gj = P2,2 = C4, 1 ≤  j ≤  (mi/2). That is, K2,mi =
1 ∪  G2 ∪  ...  ∪  Gmi
2
,  |E(Gi)|  =  4 and |E(K2,mi )|  =
mi, where 1 ≤  i ≤  q. There exists a set of end vertices
i =  {(ui,  vi),  1 ≤  i  ≤  (mi/2)}  such that d(ui, vi) = 2, and
i ∩  sj = φ  for i /=  j.  Therefore, by Theorem 2.3, for any
onnected graph G, a supersubdivision graph H  admits
n MMD labelling.
Thus, we have solved the open problem posed by G.
ethuraman.
emark 2.5.  Supersubdivision of a graph can be used
o obtain larger graphs from a given graph. To obtain an
rbitrary supersubdivision of a given graph G, each edge
f G  can be independently replaced by K2,m for any value
f m. Thus, each edge of G  produces an infinite family
f supersubdivisions of G  [10].
An even arbitrary supersubdivision of G  (EASS(G))
s obtained when taking mi ≡  0(mod2) (mi may vary
rbitrarily) [10].
The following corollary is an immediate consequence
f the open problem and Remark 2.5.
orollary  2.6.  For any connected graph G, there existsPlease cite this article in press as: R. Revathi, S. Ganesh. Characte
graphs, J. Taibah Univ. Sci. (2016), http://dx.doi.org/10.1016/j.jtus
n infinite family of graphs EASS(G) such that each
upersubdivision graph in EASS(G) admits an MMD
abelling. PRESS
versity for Science xxx (2016) xxx–xxx 3
3.  MMD  labelling  and  graph  decomposition
A decomposition of a graph G  is a collection of
nonempty subgraphs H1, H2, .  . ., Hr of G  such that every
edge of G  belongs to exactly one Hi. If, in addition,
Hi = H  for all i, then G is said to be H-decomposable.
Deﬁnition  3.1.  Let G be an H-decomposable graph. A
decomposition of G  into r  copies of H  is called a cyclic
decomposition  of G  if G  can be drawn in an appropri-
ate manner and there exists a subgraph H1 of G  that is
isomorphic to H such that by rotating the vertices and
edges of H1 through an appropriate angle r  −  1 times,
we obtain the given decomposition.
Corollary  3.2.  Let G  (p, q) be the union of the edge
disjoint subgraphs Gi = P2,mi ,  1 ≤  i ≤
⌊
p
2
⌋
. Let si ={(ui,  vi),  1 ≤  i  ≤
⌊
p
2
⌋}
be the set of end vertices of
P2,mi such that si ∩  sj = φ  for i /=  j, and let H  be the graph
P3. Then, G  is an MMD graph ⇔G  is H-decomposable.
Proof.  Let G(p, q) be H-decomposable. G  can
be decomposed into edge disjoint subgraphs Gi =
P2,mi ,  1 ≤  i ≤
⌊
p
2
⌋
that are isomorphic to H  = P3. The
sum of the labels of the end vertices is p. Therefore, the
sum of the edge labels of each Gi is congruent to 0 (mod
p). In addition, the end vertices of each Gi are distinct,
and the sum of all the edge labels of G is congruent to 0
(mod p). Therefore, G  is an MMD graph.
Conversely, let G  be an MMD graph with p vertices
and q  edges. There exists a decomposition of G  into
⌊
p
2
⌋
isomorphic subgraphs Gi such that each Gi is isomorphic
to H. Therefore, G  is H-decomposable.
4.  Discussion
In this paper, we discuss the relationship between
MMD labelling and graph decomposition.
In addition, we characterize certain families of MMD
graphs. Our result is a solution to the open problem
when mi ≡  0(mod2). We suspect that there exists an
MMD labelling of an arbitrary supersubdivision of any
connected graph for all choices of mi. Therefore, we
conclude this paper with the following open problem:
Problem: Characterize an arbitrary supersubdivision
of any connected graph that admits an MMD labelling
for all choices of mi.
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